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Axial and gauge anomalies in the field–antifield quantization
of the generalized Schwinger model
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Rio de Janeiro, RJ, Brazil

Received 4 September 1998

Abstract. In the generalized Schwinger model the vector and axial vector currents are linearly
coupled, with arbitrary coefficients, to the gauge connection. Therefore it represents an interesting
example of a theory where both gauge anomalies and anomalous divergences of global currents
show up in general. We derive results for these two kinds of quantum corrections inside the
field–antifield framework.

An anomaly corresponds to the violation, at the quantum level, of some classical symmetry.
In a path integral quantization scheme, this is reflected in the non-trivial behaviour of the
path integral measure with respect to the corresponding transformation. It is important to
distinguish between anomalies in gauge (local) and in global symmetries. Gauge invariance
has the important consequence of implying a set of relations among the Greens functions of
a field theory, the so called Ward identities, that play a crucial role, for example, in the study
of renormalizability. A quantum obstruction to this kind of symmetry thus corresponds to a
failure in the process of quantization of a classically gauge-invariant theory.

Concerning the case of global symmetries, the Noether theorem implies, at the classical
level, that to each global invariance corresponds an associated conserved current. Quantum
effects can change this picture in such a way that the expectation value of the divergence of
a classical conserved current can assume a non-vanishing value. Even some non-vanishing
divergences, that so do not correspond to true symmetries of the classical action, can have
their expectation values modified by quantum effects. This can also be considered as a global
anomaly, as it happens with the covariant divergence of the non-Abelian axial current in QCD4.
It is important to note that these global anomalous behaviours show up also in field theories
that are normally referred in the literature as ‘non-anomalous’ (in the sense that they do not
have gauge anomalies). In QCD4, for instance, adopting a regularization that considers the
vector gauge symmetry as a preferred one, the gauge invariance is not broken at quantum level
but the expectation value of the axial current gets anomalous contributions [1, 2].

The Lagrangian quantization of Batalin and Vilkovisky (BV) [3–5], also known as
the field–antifield formalism, is considered to be one of the most powerful procedures of
quantization of gauge theories. An important feature of this approach is that, for the case of
reducible gauge theories, it furnishes a systematic way of building up the non-trivial ghost
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for ghost structure. Another important advantage is that quantum corrections to the path
integral measure can be calculated as long as a regularization procedure is introduced. In this
framework, gauge anomalies show up as violations in the so-called quantum master equation.
The successful application of the Pauli–Villars regularization scheme to this formalism at the
one-loop level [6] leads to a series of results on the calculation of gauge anomalies, as well as
on the implementation of the Wess–Zumino mechanism of restoring gauge invariance in the
field–antifield formalism [5, 7–9].

The calculation of anomalous violations in the conservation of global currents in the field–
antifield framework was discussed recently in [10, 11]. These articles consider models where
there is no gauge anomaly but just anomalous divergences of some global currents. There
the field–antifield formalism is extended by trivially gauging the global symmetries by means
of the introduction of compensating fields in such a way that global anomalies can naturally
arise from the generating functional. Different aspects of rigid symmetries inside the field
antifield formalism have been discussed in [12, 13]. Here we will consider a specific model
where there are in general quantum corrections to both gauge and global symmetries. This
model describes a modified two-dimensional (2D) electrodynamics where arbitrary linear axial
and vector current couplings were introduced and it generalizes that one introduced in [14].
Depending on the parameters chosen, the master equation at one-loop order may have no local
solution in the original space of fields and antifields, which then has to be properly extended,
following the ideas introduced in [15]. An interesting feature of our approach is that we
can show that it is possible to calculate the anomalous divergences by means of a canonical
transformation and not by introducing compensating fields in order to extend the symmetry
content of the original classical theory [10, 11]. This procedure permits to extract global
anomalies even for models where the gauge symmetries have been restored with the aid of
Wess–Zumino fields.

Let us consider the general two dimensional Abelian gauge model, depending on two
arbitrary parameters. This is more general than the theory of [14] in the sense that it includes
also the possibility of pure axial coupling. Its action is given by†

S0
[
A,ψ, ψ̄

] = ∫ d2x
[− 1

4FµνF
µν + iψ̄ /̃Dψ

]
(1)

where

Fµν = ∂µAν − ∂νAµ (2)

/̃D = γ µ (∂µ − ie(s + rγ5)Aµ
)
. (3)

The action (1) reduces to the Schwinger model whens = 1, r = 0; to 2D axial
electrodynamics whens = 0, r = 1 and to the chiral Schwinger model whens = 1

2, r = ± 1
2,

but we pose no initial restrictions on the range of variation of these parameters. In this sense
it describes any interpolation between vector and axial 2D electrodynamics, displaying in
this way an interesting quantum dynamics. The model is classically invariant by the local
infinitesimal transformations

δψ = ieα(x) (s + rγ5) ψ

δψ̄ = −ieα(x)ψ̄ (s − rγ5) (4)

δAµ = ∂µα(x)
and also by the global infinitesimal transformations

δψ = ie(ε1 + ε2γ5)ψ

δψ̄ = −ieψ̄(ε1− ε2γ5)
(5)

† We are using:ηµν = diag(+1,−1), ε01 = +1, {γ µ, γ ν} = 2ηµν , γ5 = γ 0γ 1; γ µ = γ 0γ µ†γ 0, γ µγ ν =
ηµν + εµνγ5 andγ5γ

µ = εµνγν .
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where the parametersε1 andε2 are constant. It is trivial to verify that the transformations (4)
close in an Abelian algebra. The Noether currents associated to the global transformations (5),
with parametersε1 andε2, are respectively given by

j
µ

V = ψ̄γ µψ
j
µ

A = ψ̄γ5γ
µψ

(6)

and at the classical level the Noether theorem asserts that∂µ j
µ

V = 0= ∂µ jµA .
Now let us quantize this theory. In the field–antifield formalism the generating functional

has the general form†

Z9 [η] =
∫

[d8A] exp
i

h̄

{
W

[
8A,8∗A =

∂9

∂8A

]
+ ηA8

A

}
(7)

where the quantum action is expanded in orders of ¯h asW = S +
∑

n>1 h̄
pMp and must be a

proper solution of the quantum master equation [3–5]
1
2(W,W)− ih̄1W = 0. (8)

This equation is formally equivalent to the independence of (7) with respect to the gauge
fixing fermion9. In (7) 8A is a set that includes the classical fields, ghosts, antighosts,
auxiliary fields, etc and8∗A are the corresponding antifields. The antibracket( , ) and the
1 operator appearing in (8) are defined through

(X, Y ) = ∂RX

∂8A

∂LY

∂8∗A
− ∂

RX

∂8A∗

∂LY

∂8A

(9)

1X = (−1)εA+1 ∂R∂R

∂8A∂8∗A
X (10)

for arbitrary functionsX andY of the fields and antifields. The corresponding classical action
is S0 ≡ S[8A,8∗A = 0].

Going back to our action (1), corresponding to the local symmetry (4) we introduce the
ghostc and, as usual, an auxiliary trivial pairc̄, b and write down the BV action as

S = S0 +
∫

d2x
[
A∗µ∂µc − ieψ∗

[
(s + rγ5)c

]
ψ + ieψ̄

[
(s − rγ5)c

]
ψ̄∗ + c̄∗b

]
. (11)

In order to solve the master equation (8) at one-loop level we must calculate1S. In the
field–antifield formalism, at this loop order, the Pauli–Villars (PV) regularization prescription
can easily be adopted. We add to the action (11) a PV action with fieldsχ̄ andχ and choose,
as usual, a mass term of the formMχ̄χ that considers the vector symmetry as a privileged
one. Then following the steps described in [5, 6], we find that

1S = ie2

π

∫
d2x rc

(
r∂µA

µ + sεµν∂µAν
)
. (12)

The termεµν∂µAν is cohomologically non-trivial while the term∂µAµ is trivial [4]. If
r = 0,1S vanishes identically, which is the expected value, since according to (3) we would
in this case have a pure vector current coupling with the gauge connection and we are adopting
a regularization that takes the vector symmetry as a preferred one. Ifr 6= 0 buts = 0 there
is no genuine anomaly in the theory as we easily see that

M1 = e2 r2

2π

∫
d2x (AµA

µ) (13)

† We are using de Witt’s condensed notation which subtends an integral over space–time variables when pertinent.
Explicitly ηA8A ≡

∫
dDx ηA(x)8A(x).
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solves the master equation. This result in some sense could be expected due to the 2D identity
γ5γ

µ = εµνγν . It implies that the axial current coupling term corresponds to a vector current
coupling with a modified ‘gauge connection’ given bỹAµ = εµνA

ν . The anomaly under
an axial gauge transformation (see equation (4)). should then be proportional toεµνF̃

µν ,
whereF̃µν is the ‘curvature’ associated tõAµ. However,εµνF̃ µν = 2∂µAµ, which is just the
cohomological trivial term found in the present situation. Of course this is not valid for higher
dimensions.

In the general case, however, whenr 6= 0 ands 6= 0, noM1 can be found (in the original
space of fields) which cancels1S in the first loop order term of the expansion of (8). Thus
we are in presence of a true gauge anomalous theory. If we take the point of view of [15] and
enlarge the set of fields of the theory by means of the introduction of a Wess–Zumino fieldθ

that transforms exactly in the original gauge group asδθ(x) = α(x), we can write a solution
to the master equation as

M1 = ie2

π

∫
d2x

{
1
2ar

2AµA
µ + 1

2r
2(a − 1)∂µθ∂

µθ + θ
[
r2(a − 1)∂µA

µ − rsεµν∂µAν
]}
.

(14)

SinceδM1− i1S = 0, it follows that (8) is satisfied for

W = S + h̄M1 +
∫

d2 xθ∗c. (15)

This kind of procedure was proposed in the field–antifield framework in [8, 9]. The arbitrary
parameterawhich appears in (15) is to be identified with the Jackiw–Rajaraman parameter [16].

Let us now look at the global symmetries. First let us show how can we calculate the
anomalous divergences of generic global currents by canonical transformations. If we perform
an infinitesimal transformation generated by

F(8A,8∗
′
A) = 8∗

′
A8

A + f (8A,8∗
′
A) (16)

with

f = εα8∗′AGA
α [8] (17)

where theεα are some arbitrary infinitesimal local parameters, the fields8A,8∗A transform as

8A′ = ∂LF

∂8∗′A
= 8A + εαGA

α [8] (18)

8∗A =
∂RF

∂8A
→ 8∗

′
A = 8∗B

(
δBA − εα

∂RGB
α

∂8A

)
. (19)

It is possible to show [5, 6] that the new action

W̃ = W ′ − ih̄1f (20)

whereW ′ is the actionW written in terms of the new primed variables, also satisfies (8).
The factor1f compensates the possible non-invariance of the measure of integration of (7)

with respect to the canonical transformation. However, exactly as happens in the case of1S,
the action of the operator1must be regularized. When the regularized result is non-vanishing,
it can be put in the form

−i1f = εαAα[φi ]. (21)

A generating functionalZ9 [J, ε] constructed withW̃ naturally leads to the same quantized
theory and since the parametersεα are arbitrary, we must have the identities

∂Z9 [J, ε]

∂εα(x)
≡ 0. (22)
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Whenever1f 6= 0 these identities may be used to derive anomalous results involvingAα.
Introducing

jµα =
∂W ′

∂(∂µεα)
(23)

we get the general relation involving the quantum expectation value of the divergence of this
current:

∂Z9 [J, ε]

∂εα(x)
= i

h̄

〈
−∂µjµα +

∂W ′

∂εα
− h̄Aα −GA

α [8]ηA

〉
. (24)

Therefore, to calculate the anomalous contributions to the divergence of our global
currents (6) we perform a canonical transformation generated by (16) with

f = −iε1
(
ψ∗

′
ψ − ψ̄ψ̄∗′)− iε2

(
ψ∗

′
γ5ψ + ψ̄γ5ψ̄

∗′) (25)

that encompasses both the vectorial and axial transformations

ψ ′ = (1− iε1− iε2γ5
)
ψ

ψ̄ ′ = ψ̄(1 + iε1− iε2γ5
)

ψ∗′ = ψ∗(1 + iε1 + iε2γ5
)

ψ̄∗′ = (1− iε1 + iε2γ5
)
ψ̄∗

(26)

keeping the remaining fields unchanged.
Assuming a regularization analogous to that one adopted for the calculation of (12), the

derivation of1f is analogous to that of1S with rc replaced byε. This gives

1f = ie2

π

∫
d2x ε

(
r∂µA

µ + sεµν∂µAν
)
. (27)

We will assume that, as usual, the gauge fixing fermion9 in (7) does not depend on the
fermionic fields. This is equivalent to setting

ψ̄∗ = ψ∗ = 0 (28)

at the gauge-fixed level (after the canonical transformations are performed).
Substitution of (26) and (27) in (20) leads through (22) to

〈∂µjµA 〉
∣∣
η=η̄=0 =

h̄e2

π

〈∫
d2x

(
r∂µA

µ + sεµν∂µAν
)〉

〈∂µjµV 〉
∣∣
η=η̄=0 = 0

(29)

whereη andη̄ are the external sources corresponding toψ andψ̄ , respectively.
These results, together with equation (12), show us that our model has, in general, both

gauge and global anomalies (violation of the conservation of global currents). The fact that
the vector current is always conserved clearly reflects the choice of a mass term for the Pauli–
Villars regulating fields that preserves the vector symmetry. It is interesting to observe that
the axial current will always have an anomalous divergence even in the particular cases where
there is no gauge anomaly.

It is interesting to see what happens in the non-Abelian case. The non-Abelian version
of (1) reads

S0
[
A,ψ, ψ̄

] = ∫ d2x
[− 1

4 tr FµνFµν + iψ̄ /̃Dψ
]

(30)
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where we now have
/̃D = γ µ(∂µ − ie(s + rγ5)Aµ

)
Fµν = ∂µAν − ∂νAµ − ie[Aµ,Aν ]

Aµ = AaµT a[
T a, T b

] = if abcT c

tr T aT b = δab.

(31)

The natural generalization of the transformations (4) reads

δψ = ie(s + rγ5)αψ

δψ̄ = −ieψ̄(s − rγ5)α (32)

δAµ = ∂µα − ie[Aµ, α]

where the infinitesimal parametersα ≡ αaT a now take values of the Lie algebra of the group
generated byT a. However, a simple calculation shows that these transformations leave the
action (30) invariant if and only if

(s + rγ5)
2 = (s + rγ5). (33)

This restricts the range of variations of the pair(s, r) to (1, 0) or ( 1
2,± 1

2) (besides the trivial
(0, 0)). So, in the non-Abelian case, the action (30) does not represent any new general model,
but only a concise representation for chiral or vector QCD2. There is an extensive body of
literature about these two models [17], to which we refer the reader. It would be possible,
however, to apply the methods described here, as well as those found in [10, 11], to any of
these two non-Abelian models.
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